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ABSTRACT

This paper reviews the deflection of the verticadl ats use and abuse in geodetic
surveying. Importantly, the deflection of the veat in Australia will change by
around 6” upon the implementation of the Geoceridatum of Australia (GDA94).
Therefore, for some applications, the deflectionhaf vertical may no longer simply
be neglected in survey computations and adjustmenWith the release of
AUSGeo0id98, absolute deflections of the verticahwespect to the GRS80 ellipsoid
are now available for this purpose. The improveanade when using these
deflections of the vertical in a terrestrial netvadjustment on the GDA94 will be
demonstrated for a case study in Western Australia.

INTRODUCTION

Almost all terrestrial survey measurements, with &xception of spatial distances,
are made with respect to the Earth’s gravity vediecause a spirit bubble is usually
used to align survey instruments. Accordingly,stheneasurements are nominally
oriented with respect to the level (equipotentslyfaces and plumblines of the
Earth’s gravity field, which undulate and are nairgllel in a purely geometrical

sense. This renders them impractical for surveypmdations and the representation
of positions. Therefore, account must be madether orientation of the survey

instruments in the Earth’s gravity field, so tha measurements are of practical use.

Historically, geodesists have introduced a mathealit simpler ellipsoid that is a
close fit to the geoid (the level surface that elpoincides with mean sea level)
over the region to be surveyed and mapped. Aketle surfaces and plumblines are
orthogonal by definition, this is equivalent to sty aligning the ellipsoidal normals
with the plumblines over the area of interest. sThas the case with the Australian
National Spheroid (ANS), whose orientation was eno® give a best fit to the level
surfaces and plumblines over Australia (Bomfordo7)9 The result is that survey
measurements made with respect to the gravity vectustralia can be assumed to
have been oriented with respect to the ANS, thessimplifying survey reductions
and computations on the Australian Geodetic Datd@0¥). For most applications,
the separation between the geoid and ANS and thelandifferences between the
plumbline and the ANS ellipsoidal normal could Ugube neglected.

With the adoption of the Geocentric Datum of Ausdrar GDA94 (eg. Featherstone,
1996), these simplifying assumptions will not neeaegy remain valid (Featherstone,
1997). This is because the geocentric GRS80 eitip@vioritz, 1980) used for the
GDA94 is a best fit to the level surfaces and pllings of the Earth’s gravity field

on a global scale, and does not provide a besw/ét Australia. More importantly,

survey observations made with respect to the graxgttor do not change with a
change of datum (Heiskanen and Moritz, 1967). d&loee, terrestrial surveys
conducted after the adoption of the GDA94 are miikely to require that the

separation between the geoid and GRS80 and thdaardjtferences between the
plumbline and the GRS80 ellipsoidal normal be takdn account during survey
data reduction and adjustment.



This paper reviews some of the various definitiohshe deflection of the vertical
and illustrates its use and abuse in surveying.pohantly, the change to the
geocentric GRS80 ellipsoid from the locally oriehtANS ellipsoid represents a
change in concept that has implications on theatsolu and adjustment of terrestrial
survey data. Since the deflection of the vertiicaustralia will change by around 6”
upon the implementation of the geocentric GRS8psald (Featherstone, 1997), the
corrections for its effect can no longer be simghored. Fortunately, however, with
the release of AUSGeoid98 (Johnston and Feathexstb®98), a model of the
deflections of the vertical with respect to the @R®llipsoid is available, which can
be used to apply corrections to survey data. A sasdy in Western Australia will
be used to demonstrate the improvements made vdieg AUSGeo0id98 deflections
of the vertical in a terrestrial network adjustmentthe GDA94.

THE DEFLECTION OF THE VERTICAL

The deflection of the verticaBJ) is the angular difference between the directibn o
the gravity vector d), or plumbline at a point, and the correspondifigpsmidal
normal through the same point for a particularpsthid (Figure 1). Since the
plumblines are orthogonal to the level surfacesddéfnition, the deflection of the
vertical also gives a measure of the gradient ef l#vel surfaces (including the
geoid) with respect to a particular ellipsoid. Addingly, the deflection of the
vertical is classified as absolute when it referatgeocentric ellipsoid and relative
when it refers to a local ellipsoid. Depending the choice of ellipsoid, the
deflection of the vertical can reach 20” in lowlaregjions and up to 70” in regions of
rugged terrain (Bomford, 1980). In Australia, thegest measured deflection of the
vertical with respect to the ANS is around 30” @my1971).

ellipsoidal normal
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Figure 1. The deflection of the vertic8) (

The deflection of the vertical, which is a vectoiagtity,is usually decomposed into
two mutually perpendicular components: a northdsastmeridional componeng),
which is reckoned positive northward, and an eastwr prime vertical component
(n), which is reckoned positive eastward. In otherds, the deflection components
are positive if the direction of the gravity vecpints further south and further west
than the corresponding ellipsoidal normal (Vanieeld Krakiwsky, 1986), or the
level surface is rising to the south or west, respely, with respect to the ellipsoid
(Bomford, 1980). These two components reducedddtal deflection of the vertical
according to Pythagoras’ theorem



0 =¢"+n’ (1)
and the component of the deflection of the vertgaal be resolved along a geodetic
azimuth ) by

€=¢ cosa +n sina (2)

It is important to distinguish the exact point dtigh the deflection of the vertical
applies, since the deflection of the vertical vamiepending upon its position along
the plumbline. Equivalently, the direction of tlgeavity vector varies along the
plumbline. This is because the level surfacespuihblines are curved due to mass
distributions inside the Earth’s surface. Accogiyn the deflection of the vertical
can be defined at the geoid or at any other peinth as at the surface of the Earth.
It is acknowledged that there are other subtlyedéit definitions of the deflection of
the vertical (Torge, 1991), but only two cases Wlconsidered here.

Vertical Deflection at the Geoid

The deflection of the vertical at the geo@g) is defined by Pizzetti (Torge, 1991) as
the angular difference between the direction ofgtravity vector and the ellipsoidal
normal through the same point at the geoid. This lbe an absolute or relative
quantity. However, the vertical deflection at gemid cannot be directly observed on
land because of the presence of the topographgreidre, deflections of the vertical
that are observed at the Earth’s surface have tedeed to the geoid @ice versa
by accounting for the curvature of the plumblineeqctibed later), which is
notoriously problematic.

As an alternative, absolute deflections of theigaktwith respect to a geocentric
ellipsoid, such as GRS80, can be computed from itgrameasurements using
Vening-Meinesz’s formula (eg. Heiskanen and Moritk967; Vanicek and
Krakiwsky, 1986). However, nowadays it is more\eament to relate the deflection
of the vertical at the geoid to the gradient ofavgnetric geoid model that has been
computed with respect to a geocentric ellipsoichisTcan be conceptualised as the
reverse process of Helmert astrogeodetic levelliog astrogeodetic geoid
determination (eg. Bomford, 1980; Heiskanen and itdol967). This use of a
gravimetric geoid model is considered more conveniecause many such models
have already been computed for the transformatio®mPS ellipsoidal heights to
orthometric heights.

The approach is as follows: given a regular gridgodvimetric geoid-ellipsoid
separations, the meridiondc] and prime verticalr(g) components of the absolute
deflection of the vertical at the geoid can beneated (eg. Torge, 1991) by

&6 =—AN/ (L Ag) 3)

Ne =-AN/ (v A\ cos@) 4)
where the subscriptis used to distinguish these components of thiectein of the
vertical at the geoidy is the radius of curvature of the GRS80 ellipswidthe
meridian at the point of interest,is the radius of curvature of the GRS80 ellipsoid

the prime vertical at the point of interegtis the geodetic latitude, adxN refers to
the change in the gravimetric geoid-ellipsoid sapan between grid nodes of



latitude Q@) and longitude &A). This approach has been applied to the
AUSGeo0id98 gravimetric geoid model of Australia {dston and Featherstone,

1998) and the east-west and north-south defleatmmponents from GRS80 are

available with this product from http://www.austigv.au/geodesy/geoid.htm.

Vertical Deflection at the Earth’s Surface

The deflection of the vertical at the surface af tarth @s) is defined by Helmert
(Torge, 1991) as the angular difference betweenditextion of the gravity vector
and the ellipsoidal normal through the same pdirtha Earth’s surface. This can
also be an absolute or relative quantity. Theed&fin of the vertical at the surface
of the Earth is of more practical use than theedtibn of the vertical at the geoid,
because survey measurements are made at the Eautfdse and are thus affected
by the deflection of the vertical at this point.

The deflection of the vertical at the Earth’s sogfacan be computed simply by
comparing astronomical and geodetic coordinatehetsame point on the Earth’s
surface. The corresponding deflection of the waltin the prime vertical is the
difference between astronomical latitud® @nd the geodetic latitude)(of the same
point. Likewise, the deflection of the verticaltiee meridian is the difference, scaled
for meridional convergence, between astronomicagitode (\) and the geodetic
longitude ) of the same point. These are given, respectibgly

s=P -0 5)
Ns=(\-A) cosg (6)

where the subscriptis used to distinguish these components of thiectedn of the
vertical at the surface of the Earth, and it isuassd that the minor axis of the
ellipsoid is parallel to the mean spin axis of Haath’s rotation (Bomford, 1980).

Probably the most important implication of the tielas in equations (5) and (6) is to
choose the relative deflection of the vertical ®ds small as possible through an
appropriate orientation of the local ellipsoid. iStallows the natural coordinates
observed in the Earth’s gravity field to be assureqdal to geodetic coordinates on
the local ellipsoid. This was the principal reasgnbehind the orientation of the

ANS in Australia (Bomford, 1967) and why the (nowsalute) deflections of the

vertical will change by approximately 6” with theseu of the geocentric GRS80
ellipsoid (Featherstone, 1997).

Curvature of the Plumbline

As stated, the deflection of the vertical changeth wosition along the curved
plumbline. Therefore, the deflection of the vatiat the geoid ) does not
necessarily equal that at the Earth’s surfdgg éndvice versa In order to equate
these two quantities, the curvature of the pluneblietween the geoid and Earth’s
surface §Bgs) is required. This quantity can not be observieectly because of the
presence of the topography, so must be estimated asnodel of the Earth’s gravity
field within the topographic masses.



The curvature of the plumbline can be estimatechgusin approximate formula
(Vanicek and Krakiwsky, 1986; Bomford, 1980), whishbased on normal gravity
and thus only affects the north-south deflectiomponent §¢gs). This is

0¢gs = 00gs=0.17" sin pH 7)

where H is the orthometric height (in kilometres), which measured along the
plumbline between the geoid and surface of thehEafthe evaluation of the actual
curvature of the plumbline presents a very diffidalsk however. This is because
exact values of gravity along the plumbline canm®tmeasured, and for them to be
modelled requires detailed knowledge of the massiblution in the topography. A
crude estimate of the curvature of the plumblingeig=3.3" per kilometre in rugged
terrain (Vanicek and Krakiwsky, 1986), which malles typical values in Australia
probably less than 1. However, until the actuatvature of the plumbline is
known, these approximations are barely useful (Bod)f1980) and is thus ignored.

THE USE OF VERTICAL DEFLECTIONS

Historically, the most influential use of the defien of the vertical led to the
principle of isostasy, which is used to descrikeelthoad geophysical structure of the
Earth’s crust. The vertical deflections, obserasdpart of the 1735-1744 Peruvian
expedition to determine whether an oblate or peolspheroid approximated the
figure of the Earth, were shown by Bouguer to balenthan expected. This and
subsequent measurements formed the basis for tloe nwdels of isostatic
compensation developed by Airy-Heiskanen and Pajtford. These models are
analogous with Archimedes’ principle, where the seasof mountains are buoyantly
compensated by a thickening of the crust (Airy-Kamen model) or a variation in
the mass density of the crust (Pratt-Heyford modelpwever, these two models do
not always apply in practice because of the oviegidyeophysical and mechanical
properties of the Earth’s crust.

In terrestrial surveying, the deflection of thetieal has three primary uses:
1. transformation of astronomical coordinates todgtic coordinates;

2. conversion of astronomic azimuth to geodetioaith; and

3. reduction of vertical and horizontal angleshe $pheroid.

Transformation of Coordinates

The deflections of the vertical provide the tramsfation between astronomical
(natural) coordinates®, A), observed with respect to the gravity vector, émel
desired geodetic coordinateg A) on the ellipsoid. Rearranging equations (5) and
(6), and adhering to the same approximations, givegoordinate transformation as

=P -&s (8)
A =N -(nssecy (9)

where the deflections of the vertical refer to sieface of the Earth, since this is the
point at which the astronomic coordinates are gna¢asured. If the deflections of

the vertical at the geoid are used in equationg8) (9), the limitation imposed by

the curvature of the plumbline should be acknowdeldg



Laplace’s Equation for Azimuth
The deflections of the vertical at the Earth’s acef are also required to convert an
observed astronomic azimuth)(to a geodetic azimutlu}. This is achieved using

a =A-(nstang) - (€s sina - ns cosa) cotz (10)

where z is the geodetic zenith angle between the obserai observed stations.
For most geodetic networkg,is very close to 90 degrees which reduces equation
(10) to the well-known Laplace correction

a=A-(nstanq (11)

The most common use of equation (11) is at LaptaaBons, which were used to
constrain geodetic azimuth in terrestrial geodet@tworks, where systematic
atmospheric refraction and undulations in the Isuefaces become problematic over
longer distances. For example, open-ended traveveere conducted across
Australia during the establishment of the AGD. Heatthan closing the traverse in a
loop, which would increase the survey effort andstitost, Laplace stations were
used to control the azimuth (Bomford, 1967; Natldviapping Council, 1986). The
Laplace correction must also be applied to stetlaservations of astronomic
azimuth, if they are to be used to orient a sunatyvork with respect to only a single
control point.

Horizontal and Vertical Angles

Horizontal directions and angles have to be coede@r the deflection of the vertical

at the Earth’s surface when the instrument ancetaage not coplanar. This can be
conceptualised as an error like that encounteresl tduthe misalignment of a

theodolite or total station. Assuming that thevskeormal correction has been
applied between stations (eg. Vanicek and Krakiwdl886), the correction to a

measured horizontal direction (Bomford, 1980) is

d=D - (¢ssina -nscosa) tan (90 2) (12)

whered is the desired direction related to the ellips@ds the measured direction
with respect to the gravity vector at the Earthisface, and (9@ is the vertical
angle between the observing and observed statitinthe observing and observed
stations are at the same height above the ellipttoed the effect of the deflection of
the vertical on horizontal directions is zero.

If this correction is required for horizontal angi@stead of directions, the correction
term in equation (12) is simply that of the direatiwith greater azimuth minus that
of the direction with smaller azimuth (Bomford, 098 Alternatively, the corrected
directions can be subtracted to give the correatgles. The error committed due to
the neglect of this correction term also propagatesg a traverse, hence the need
for regular Laplace stations (cf. Bomford, 1967).

Vertical angles also have to be corrected for te#edtion of the vertical at the

Earth’s surface, for exactly the same reasons agdmbal angles. Again, the skew
normal corrections and corrections for the Earttusvature are assumed to have
been applied. In the case of a single measureithzangle, the component of the
deflection of the vertical at the Earth’s surfanethe azimuth of the observation is



required. Accordingly, equation (2) for deflectiook vertical at the surface of the
Earth is applied to the observed zenith ang)ed yield the geodetic zenith angl® (
with respect to the ellipsoidal normal (Vanicek ardkiwsky, 1986)

z=Z+ (¢scosa +nssina) (13)

In the case of vertical angles, the sign of theemtion term is simply reversed. In
reciprocal trigonometric levelling, a large propaomt of the vertical deflection cancels
on differencing. Nevertheless, equation (13) sthostill be applied to each
observation, especially for long baselines.

THE ABUSE OF VERTICAL DEFLECTIONS

The most common abuse of vertical deflections &irtheglect in survey reductions
and computations. Whilst this was usually accdptédy surveys with respect to the
AGD, it will not normally be acceptable for redutiof terrestrial survey data to the
GDA94 (Featherstone, 1997). As stated, this imbse the generally small relative
deflections of the vertical will be replaced by albose deflections of the vertical,

which differ by approximately 6”. Alternativelyus/eys on the GDA94 can be
designed such that the systematic effects of tHedlien of the vertical either cancel

or are minimised (cf. Dymockt al, 1999). The following examples illustrate the
effects of ignoring vertical deflections on measumoordinates, azimuths, and
horizontal and vertical angles.

Transformation of Coordinates

Featherstone (1997) has quantified the effect gfemting the vertical deflection on
the transformation of astronomic coordinates todgéio coordinates on the GDA94.
This approach is repeated using the AGD84 to GD&8Asformation parameters
(AUSLIG, 1998) and the absolute deflections of teetical at the geoid computed
from AUSGeo0id98 (Johnston and Featherstone, 1988je that the curvature of the
plumbline is neglected in this example, since AUSIG@8 yieldsés andns whereas
&s andns are required in equations (8) and (9). Howevimergthat the deflection of
the vertical with respect to the GRS80 ellipsoidaimal is expected to be much
larger than the curvature of the plumbline (sevesdonds versus less than one
second), this will have the dominant effect andsthuffice for this comparison.

Table 1 shows GDA94 coordinates of the Johnstagirostation, which have been
transformed from astronomical coordinates usingAti&Geoid98 deflections of the
vertical (equations 8 and 9). The east-west anthssmuth deflection components
have been derived from the AUSGe0id98 grid usinguhic interpolation. Table 1

also shows the GDA94 coordinates transformed usiegseven-parameter datum
transformation (AUSLIG, 1998). The latter assurae=ero deflection of the vertical

with respect to the ANS, which is justified for th#ohnston station under
consideration, since this is the origin point aé hGD (National Mapping Council,

1986).

Astrogeodetic GDA94 geodetic
coordinates by transformation




@ =-25 56’ 54.55"

@=-25 56"49.34"

A =133 12’ 30.08"

A =133 12" 34.77"

AUSGeo0id98 GDA94 geodetic by
vertical deflections vertical deflection

&=+ 2.32" @=-25 56"52.23"

N =-7.93" A =133 12’ 39.62"

Table 1. GDA94 coordinates derived from astrogdodetordinates of the Johnston
origin using the seven-parameter transformationthadleflections of the vertical.

The results in Table 1 do not support the use efdbflection of the vertical to
transform astrogeodetic coordinates, because tiivedeGDA94 coordinates are not
too similar to the seven-parameter-transformed GD&®&ordinates. This is at odds
with the analysis conduced by Featherstone (1987)afsystematic 6” change in
vertical deflections across Australia. Therefdahe only plausible explanations for
this discrepancy are that the AUSGeoid98 deflestiohthe vertical do not contain
sufficient detail to apply coordinate transformasand/or the actual curvature of the
plumbline over 571m (the height of the Johnstoti@tais not negligible.

Laplace’s Equation for Azimuth

The Laplace correction (equation 11) to the astminoazimuth A) introduces a
systematic change in the orientation of a survey,.ekample. This correction can
usually be neglected for solar determinations dafoasmic azimuth, but not for
stellar determinations because of their increasedigion. The example shown in
Table 2 refers to the GDA94 position of the Johngingin (Table 1). The east-west
deflection of the vertical at the geoid has beeerd@ned from AUSGeoid98 using
bi-cubic interpolation. Accordingly, the effect thfe curvature of the plumbline has
also been ignored in this example.

Astrogeodetic azimuth  Geodetic azimyth
45° 00’ 00.00” 44 59’ 56.14"

Table 2. The effect of the deflection of the vation azimuth

From the result in Table 2, the neglect of the haplcorrection causes a change in
orientation of a survey by 3.86”. For instanceaifradiation is made using the
astronomic azimuth instead of the geodetic azinawér a line of 2km in length,
there will be an error of approximately 37mm. Heoee this example only applies
to a survey that relies on an azimuth for its dagan. If two or more known
GDA94 coordinates are used as control, these peaviel geodetic azimuth, so there
is no need to apply Laplace corrections in thisainee.

Horizontal and Vertical Angles

In order to illustrate the effect of neglecting ldefions of the vertical on measured
horizontal directions¥) and measured zenith angley, (the AUSGeoid98 vertical
deflections are used in equations (12) and (18peaetively. Again, the curvature of
the plumbline is neglected and AUSGeo0id98 deflestiof the vertical at the geoid
are calculated using bi-cubic interpolation. Othlg correction terms for the GDA94
position given in Table 1 are computed, since thase independent of the



measurement to which the correction applies. bhemase, the azimuth is taken as
45 degrees for convenience. The results are suisedan Table 3.

14

Horizontal direction| Zenith angle
00.63” forz= 85 -03.97”
07.25" forz= 45 --

Table 3. The effect of the deflections of the \aattion
horizontal directions and zenith angles

The example in Table 3 shows that the effect of dbflection of the vertical on
horizontal directions and zenith angles can beively large. However, it should be
pointed out that when these observations are madeonjunction with other
observations in the gravity field, a large amounthe effect cancels. Nevertheless,
since the deflections of the vertical at the geaig readily available from
AUSGeo0id98 and these terms can be computed rdiateasily, they should be
included so as to reduce their small, yet systemetiects on the survey results.

A CASE STUDY IN GUILDERTON, WESTERN AUSTRALIA

The following case study applies deflections of ¥leetical at the geoid, bi-cubically
interpolated from AUSGeo0id98, to the reduction adgustment of geodetic survey
data collected by final-year surveying studentdhe School of Spatial Sciences.
These data have been collected as part of the Apfbed Field Surveying 482 and
Applied Geodetic Surveying 482, which are conduacieer a 5km by 5km area near
Guilderton, Western Australia. This presents allehging case study because
Guilderton is close to the Darling Fault, whictkigown to cause a large disturbance
to the plumblines and level surfaces (eg. Frieddieal, 1997).

The survey data were corrected for instrument caiitns and atmospheric
refraction, then input t&eolabversion 2.4d (Bitwise Ideas Inc., 1993) for reduct
and least-squares adjustment. The data used cmgpatial distances, horizontal
directions, vertical angles and an astronomic athmith respect to a single control
station known on the GDA94. Tl@&eolabsoftware corrects for the deflection of the
vertical, provided that this information is supplieTherefore, the deflections of the
vertical at the geoid from the AUSGe0id98 modeleveoth omitted and included to
study their effect on the network adjustment.

To determine the effectiveness of each approaehthitee quality control indicators
from a network adjustment (eg. Featherstenheal, 1998) were used. A network
adjustment is considered successful if:

1. thea posteriorivariance (sigma-zero) close to unity;

2. the chi-squared hypothesis test on this estionzegance passes; and

3. no outlying measurements remain after the atjeist.

For each network adjustment, the same weights wppied to account for the
different observation types, so that the only clesnom these three quality control
indicators were due to the inclusion of the vetteflections. Table 4 shows the



values of the quality control indicators for thevmerk without and with the vertical
deflections at the geoid applied.

Vertical deflections| A posteriori Result of Number of
variance chi-squared test  outliers

Not applied 1.9883 FAIL 2 of 80

Applied 1.1484 PASS 0 of 80

Table 4. The effect of the deflection of the veation the three
indicators of a successful network adjustment (@at@DA94)

From the results in Table 4, it is clear that thelusion of vertical deflections
improves the quality of the network adjustment,raicated by the three standard
indicators. However, it is important to acknowledthat there are several other
factors that could also contribute to this respitincipally the accuracy of the
measurements. Nevertheless, given that rigorod€amect geodetic theory is being
used, it is more likely that the inclusion of thertical deflection, albeit at the geoid,
provides the most plausible explanation for thermapment.

CONCLUDING REMARK

This paper has reviewed the definition and usehefdeflection of the vertical and
showed its common uses and abuses in terrestmat\gng. The need to seriously
consider the effects of the deflection of the wailtihas come about because of the
introduction of the GDA94. Since the GRS80 ellipsassociated with this new
datum is not a best fit to the level surfaces dndhplines of the Earth’s gravity field
over Australia, the associated (absolute) deflestiof the vertical generally become
larger. Fortunately, however, absolute deflectiofhe vertical at the geoid are now
available for the whole continent as part of theS&&0id98 product. Therefore,
since this information is available and is consistgith rigorous geodetic theory, it
is appropriate to routinely apply corrections foefldctions of the vertical to
terrestrial survey data.
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